Given a number field k and a projective algebraic variety X defined over k, the question of whether X contains a k-rational point is both very natural and very difficult. In the event that the set X(k) of k-rational points is not empty, one can also ask how the points of X(k) are distributed. Are they dense in X under the Zariski topology? Are they dense in the set
Introduction
Given a number field k and a projective algebraic variety X defined over k, the question of whether X contains a k-rational point is both very natural and very difficult. In the event that the set X(k) of k-rational points is not empty, one can also ask how the points of X(k) are distributed. Are they dense in X under the Zariski topology? Are they dense in the set
of adèlic points under the product topology? Can one count the points in X(k) of bounded height? In favourable circumstances, the Hardy-Littlewood circle method can systematically provide answers to all of these questions.
The focus of this survey will be upon the first and most basic of these questions: when is X(k) = ∅ for a given variety X defined over k? In considering what the circle method has to say about this we shall usually restrict our attention to varieties X defined over k that are geometrically integral, non-singular and projective. Recall that such a family is said to satisfy the Hasse principle if any variety in the family has a k-point as soon as it has a point in every completion of k. Sometimes we will drop the assumption on non-singularity, saying that the smooth Hasse principle holds for a family of such varieties when the Hasse principle holds for the smooth locus of X.
Quadrics are among the first examples of families satisfying the Hasse principle. Beyond this simple setting, it is quite rare to find varieties which satisfy the Hasse principle. In dimension 2 we have the following counter-example. where a ∈ k * \ k * 2 and f ∈ k[T ] is a polynomial. An infinite family of counter-examples to the Hasse principle was discovered by Colliot-Thélène, Coray and Sansuc [21, Prop. C] . This corresponds to taking k = Q, a = −1 and f (T ) = (−T 2 + c)(T 2 − c + 1), where c is a positive integer congruent to 3 modulo 4. Letting X c /Q denote this Châtelet surface, it follows from this work that X c (R) = ∅ and X c (Q p ) = ∅ for all primes p, but X c (Q) = ∅.
A systematic and unified explanation of various explicit failures of the Hasse principle was provided by Manin in his 1970 ICM address [50] in terms of the Brauer{Grothendieck group Br(X) = H 1. The circle method and complete intersections 1.1. The circle method over Q. Let us begin with some generalities about the circle method over Q. Suppose that we are given a system of polynomials f = (f 1 , . . . , f s ), with f i ∈ Z[x 1 , . . . , x n ] for 1 i s. Let B ⊂ R n be a fixed box, with side lengths parallel to the coordinate axes, and write BB for the dilation of this region by a parameter B 1. Define the counting function N (B) = #{x ∈ Z n ∩ BB : f i (x) = 0 for 1 i s}, for B 1. When f 1 , . . . , f s are homogeneous and cut out a non-singular complete intersection X ⊂ P n−1 , with dim(X) 3, this amounts to counting integral points of bounded height on the universal torsor over X. (Note that the affine cone over X in A n \ {0} is the unique universal torsor over X up to isomorphism.)
In order to show that the variety f 1 = · · · = f s = 0 has an integral point it suffices to show N (B) > 0 if B is taken to be sufficiently large and B is chosen suitably. Let e(z) = e 2πiz for any z ∈ R. By orthogonality one has
where S(α) = x∈Z n ∩BB e (α 1 f 1 (x) + · · · + α s f s (x)) .
The classical circle method is concerned with an asymptotic analysis of this integral, as B → ∞, based on a suitable dissection of the range of integration.
The set of major arcs of level Q is the union
The general philosophy behind the circle method is that the contribution from integrating over the major arcs should produce a main term in our asymptotic formula for N (B). Generally, this main term takes the shape
where σ v are local densities for the variety f 1 = · · · = f s = 0. More precisely,
is the real density and
is the p-adic density, for each prime p.
On the other hand, the minor arcs, which are defined to be
should produce a smaller overall contribution, with
We refer the reader to Davenport [27] or Vaughan [70] for a detailed account of the circle method. The fundamental tool here is Weyl's inequality and its generalisations. One such generalisation, which was used to spectacular effect by Heath-Brown [39] to analyse cubic forms in 14 variables, is the method of van der Corput dierencing.
Suppose for the moment that s = 1 and let f ∈ Z[x 1 , . . . , x n ] be a polynomial of degree d. Let H ∈ Z ∩ [1, B]. It will be convenient to write, temporarily,
Then the kernel of the van der Corput method is the observation that
An application of Cauchy's inequality yields
where
We therefore conclude that
The significance of this is that, for each non-zero h ∈ Z n , the exponential sum T h (α) is an exponential sum involving the polynomial f (x+h)−f (x) of degree d − 1. Taking H = B recovers the first step in the proof of Weyl's inequality
The presence of a free parameter H in (1.3) brings a lot of extra flexibility into the analysis, compared with (1.4). This process can be repeated, using (1.3) or (1.4) at each step, until one arrives at exponential sums of smaller degree that can be estimated efficiently using other methods. Suppose that X ⊂ P n−1 is a complete intersection cut out by s hypersurfaces of degrees d 1 , . . . , d s , such that X is geometrically integral, non-singular and projective. Assuming that one is fortunate enough to show that the major and minor arc contributions behave as above, with v σ v absolutely convergent, one can conclude that the Hasse principle holds for X. Indeed, if X(R) = ∅, one takes B to be a small box centred on a (necessarily non-singular) real point. This is enough to ensure that σ ∞ > 0. Likewise, one can prove that p σ p > 0 if X(Q p ) = ∅ for every p. Hence N (B) > 0 if B is sufficiently large, which implies that X(Q) = ∅, as desired.
As α runs through elements of (0, 1] s one might expect the numbers
to be randomly scattered around the unit circle as we vary over x ∈ Z n . This leads via the central limit theorem to the expectation that S(α) should usually be of order roughly B n/2 . On the other hand, as in (1.2), one heuristically expects the main term in any asymptotic formula to be of order B n− 1 i s d i . Thus we can only hope to succeed with the circle method when n > 2
(1.5)
We call this the square root barrier.
Example 2. In most applications we remain very far from the square root barrier. One notable exception is given by considering varieties defined by norm forms. Let k/Q be a number field of degree d 2 and fix a basis {ω 1 , . . . , ω d } for k as a Q-vector space. We denote the norm form by
where N k/Q denotes the field norm. This is a homogeneous polynomial of degree d defined over Q. Let X ⊂ P 2d denote the hypersurface
* . This variety is geometrically integral and projective, but it is singular. Birch, Davenport and Lewis [5] established the smooth Hasse principle for X. Note that this is at the square-root barrier, since the number of variables is 2d + 1 and the degree is d.
The Birch-Davenport-Lewis result has been generalised to arbitrary number fields independently by Schindler and Skorobogatov [61] and by Swarbrick Jones [67] . Their work covers the hypersurfaces
where K 1 , K 2 are degree d extensions of any number field k and c ∈ k * .
1.2.
The circle method over k. We proceed to discuss one aspect of the circle method over a general number field k, in the context of hypersurfaces (i.e. s = 1). When k = Q a key innovation, due to Kloosterman [46] [14] . Suppose o is the ring of integers of our number field k, which we assume to have degree d. The ideal norm will be designated Na = #o/a for any integral ideal a ⊆ o. In line with our description of the Hardy-Littlewood circle method over Q, we would like to use Fourier analysis to find an alternative description of the indicator function δ k : o → {0, 1}, given by
The following result is a special case of [14, Thm. 1.2].
Theorem A. Let Q 1 and let α ∈ o. Then there exists a positive constant c Q and an infinitely differentiable function h(x, y) : (0, ∞) × R → R such that
where the notation * σ (mod b) means that the sum is taken over primitive additive characters modulo b. The constant c Q satisfies
for any N > 0. Furthermore, we have h(x, y) x −1 for all y and h(x, y) = 0 only if x max{1, 2|y|}.
In [14, Thm 1.1] this result is used to establish that X(k) = ∅, for any non-singular cubic hypersurface X ⊂ P n−1 defined over k, with n 10.
Question 1.
Can one apply Theorem A to generalise Heath-Brown's work on quadratic forms [38] to arbitrary number fields k?
1.3. Complete intersections. Throughout this section let X d,s ⊂ P n−1 be a complete intersection over a number field k cut out by s hypersurfaces F i = 0 of degree d, with forms F i ∈ k[x 1 , . . . , x n ]. We will always assume that our complete intersection is geometrically integral and non-degenerate, but it need not be non-singular. When X d,s is non-singular it has been conjectured by Colliot-Thélène (see [57, App . A] and [8, App.] ) that the Hasse principle holds when n + 1 ds (i.e. X d,s is Fano) and n − 1 − s 3 (i.e. X d,s has dimension at least 3). We will summarise conditions on d, s and the structure of X d,s under which the smooth Hasse principle has been established for X d,s using the circle method.
The local problem. With the Hasse principle in place for X = X d,s one is naturally led to seek further conditions under which X(k v ) = ∅ for every completion k v of k. One might expect this purely local problem to be easier, but apart from a few exceptions, the bounds required on n needed to ensure local solubility are rather poor. Let us discuss this briefly in the case s = 1 of hypersurfaces. When d = 2 we have X(k v ) = ∅ for every non-archimedean place v ∈ Ω k , provided only that n 5. When d = 3 work of Lewis [48] (and Dem'yanov [29] when the characteristic of the residue field is distinct from 3) secures the same conclusion provided that n 10.
For every non-archimedean completion k v of k and for every d 2 it is fairly easy to construct examples of hypersurfaces of degree d in d 2 variables which do not have k v -points. This shows that the above results for d ∈ {2, 3} are best possible. The situation for d 4 is much less satisfactory. Specialising to hypersurfaces X defined over Q, we know that there is a number v d such that X(Q p ) = ∅ for every prime p, as soon as n > v d . Brauer [7] achieved the first result in this direction using an elementary argument based on multiple nested inductions. The resulting value of v d was too large to write down, but the underlying ideas have since been revisited and improved upon by Wooley [73] , with the outcome that we may take
An account of recent developments concerning the local solubility problem for forms in many variables can be found in Heath-Brown's 2010 ICM address [40] .
The global problem. We begin by summarising two conditions that any application of the circle method naturally imposes on the complete intersection X d,s . The first involves the h-invariant h(F ) of a form F ∈ k[x 1 , . . . , x n ]. This is defined to be the least positive integer h such that F can be written identically as
to be min{h(F )}, with the minimum taken over all forms F of the rational pencil
A rich seam of results are founded on h(X d,s ) being "sufficiently large", in terms of d, n and s. The most important contribution adopting this point of view is due to Schmidt [62] .
A second point of view requires the singular locus of X d,s to be "sufficiently small". Define the Birch singular locus for X d,s to be the projective variety
where J(x) is the Jacobian matrix of size s×n formed from the gradient vectors At this point we should observe that forthcoming work of Schindler [60] allows one to replace ∆ by an alternative invariant, which we denote temporarily by ∆ . One can show in complete generality that ∆ ≤ ∆, but that ∆ can be strictly less than ∆ in appropriate cases. We shall work with ∆ in this survey, however.
We are now ready to recall the gold standard, by which all subsequent results have been measured. Let us put
The following result is due to Birch [4] when k = Q and to Skinner [64] 
of positive degree, for some m ∈ {1, . . . , n}. In Table 1 we summarise the improvements that have been made to Theorem B in the special case k = Q, using the circle method.
Remark. Some of the results in Table 1 pertain to non-singular complete intersections X d,s ⊂ P n−1 with n n 0 , for appropriate n 0 depending on d and s. It is easy to extend these results to establish the smooth Hasse principle for complete intersections in n n 0 + 1 + σ variables, where σ is the dimension of the singular locus. To do so one argues by induction on σ −1, the case σ = −1 being represented in the table. If σ 0 one intersects the variety with a generic Q-rational linear space of dimension n − 2 − σ. Bertini's theorem ensures that the resulting variety is a non-singular complete intersection of codimension s and degree d in P n−2−σ , from which the claim easily follows.
The analogue of Table 1 for complete intersections over arbitrary number fields k is much smaller, with Theorem B still providing the best bounds in most cases. One notable exception concerns cubic hypersurfaces X ⊂ P n−1 defined over k. In this setting a folklore conjecture predicts that X(k) = ∅ as soon as n 10. When no constraints are placed on the singular locus of X, work of Pleasants [56] shows that n 16 variables are needed to achieve this conclusion. When X is non-singular, building on Heath-Brown's [37] breakthrough result when k = Q, Skinner [63] showed that n 13 variables suffice. The loss of 3 variables is entirely due to the lack of a suitable Kloosterman methodology, a situation that is remedied by Theorem A. Using this, Browning and Vishe [14] have established the conjecture for all non-singular cubic hypersurfaces over any number field. Over Q, as indicated in Table 1 , HeathBrown has shown that n 14 suffices when no restrictions are placed on X, which suggests the following. So far we have only talked about complete intersections over number fields k which can be handled using the circle method. For certain cases discussed in Table 1 significant improvements are available through other channels. Using descent theory, for example, Colliot-Thélène and Salberger [19] have shown that the Hasse principle holds for any cubic hypersurface over k in P n−1 containing a set of three conjugate singular points, provided only that n 4. As suggested by Example 2, the circle method can also be brought to bear on cubics of this type, but the number of variables required is greater. The case (d, s) = (2, 2) of pairs of quadrics is a further important class of varieties that can be handled via descent methods. Assuming that X ⊂ P n−1 is the common zero locus of two quadratic forms q 1 , q 2 ∈ k[x 1 , . . . , x n ], which we assume to be geometrically integral and not a cone, the work of Colliot-Thélène, Sansuc and Swinnerton-Dyer [24] demonstrates that the smooth Hasse principle holds if n 9. This can be reduced to n 8 when X is non-singular (see Heath-Brown [41] ) or n 5 when X contains a pair of conjugate singular points and does not belong to a certain explicit class of varieties for which the Hasse principle is known to fail (see [24, Thm . A]).
1.4. Recent developments. The technology that lies behind Theorem B is remarkably robust. In this section we summarise some of the most interesting ways in which it has recently been refined and extended.
Cubics. It turns out that when the singular locus is not too large, cubic hypersurfaces are most efficiently handled by conjoining Theorem A with Poisson summation, rather than using the division into major and minor arcs from Section 1.1 (and the squaring and differencing approach based on (1.3) and (1.4) ).
This leads to estimates for complete exponential sums over finite fields, which can be estimated very efficiently using Deligne's [28] resolution of the Riemann Hypothesis for varieties over finite fields (however, the methods become less effective as the dimension of the singular locus grows). Deligne's bounds handle sums to prime, or square-free, moduli, but sums to prime power moduli remain a considerable problem. Circumventing these difficulties, Hooley [45] has recently established the Hasse principle for non-singular cubic hypersurfaces over Q in only 8 variables, provided that one assumes Hypothesis HW. This amounts to some technical (as yet unproved) assumptions about the analytic properties of certain associated Hasse-Weil L-functions.
Improvements for every degree. In Table 1 a saving of 9 variables is recorded for non-singular quartic hypersurfaces. Given a quartic form f ∈ Z[x 1 , . . . , x n ], the idea behind the proof in [9] is to first carry out van der Corput differencing, as in (1.3) (the saving of an extra variable comes through an averaged version of this in [35] ). The exponential sum T h (α) now involves the cubic polynomial f (x + h) − f (x), which has cubic part equal to h.∇f (x). The idea is then to estimate these exponential sums directly, using Poisson summation, which appears to be the only other weapon we have in our arsenal.
Let f ∈ Z[x 1 , . . . , x n ] be a non-singular form of degree d 5. It is natural to ask whether a similar method can be adapted to improve Theorem B in the setting of hypersurfaces, which we recall establishes the Hasse principle for n
. This is answered affirmatively in forthcoming work of Browning and Prendiville [13] , where it is shown that one can take
The proof of this result involves throwing every available tool at the problem, depending on the Diophantine approximation properties of the number α in the exponential sum S(α). For generic α it is most efficient to apply (1.3) d−3 times, producing a family of cubic exponential sums with associated parameters
, which one estimates using Poisson summation as in [9] . For other α it is more advantageous to apply Weyl differencing (1.4) multiple times, and for others still, one is better off applying a mixture of the approaches. It turns out that the method is most efficient when d is small. When d = 5, as in Table 1 , one is able to save 18 variables over Birch's theorem.
Forms of differing degree. Theorem B only applies to complete intersections cut out by hypersurfaces of the same degree. It is not entirely clear how this method can be adapted to handle a system of forms of differing degree, since the process of Weyl differencing (1.4) involved in the proof eradicates the presence of the lower degree forms. Schmidt encounters the same problem in the work [62] cited above. A more efficient treatment of this issue is a key ingredient in work of Browning, Dietmann and Heath-Brown [15] , which shows how the circle method can be used to analyse non-singular varieties cut out by a cubic and quadric hypersurface in n 29 variables. In fact p-adic solubility is guaranteed for n in this range for every p and so one gets Q-points provided only that there are R-points.
Browning and Heath-Brown [10] have looked at generalising Birch's result to complete intersections cut out by hypersurfaces of arbitrary degree. The final result is too complicated to state here, but it has a number of particularly succinct corollaries. First, for a non-singular complete intersection X ⊂ P n−1 cut out by a hypersurface of degree D and a hypersurface of degree E, where D > E ≥ 2, the Hasse principle holds for X whenever
In the case of one quadratic and one cubic we find that n ≥ 37 suffices, which is superseded by the result of Browning, Dietmann and Heath-Brown [15, Thm. 1.3]. Second, suppose that V ⊆ P m is a geometrically integral, non-singular and projective variety over Q. Then V satisfies the Hasse principle provided only that
Note that when V is a hypersurface this result reduces to Theorem B over Q. It is worth emphasising here that our hypotheses make no reference to the shape of the defining equations for V . In particular, V is not required to be a complete intersection! Complete intersections in biprojective space. Birch's theorem is concerned with complete intersections embedded in projective space P n−1 . As formalised by Peyre [55] , one expects that the methods can be generalised to handle varieties which are embedded inside more general toric varieties. Schindler [59] has carried out this plan for complete intersections in P m−1 × P n−1 . Whereas Birch works with forms of total degree d and applies (1.4) d − 1 times to obtain linear exponential sums, Schindler used the structure of bihomogeneous forms F i (x; y) of bidegree (d 1 , d 2 ) to obtain results in which fewer variables are needed than would arise through the most naive adaptation of Birch's work. Indeed, Schindler profits by observing that it suffices to apply the Weyl differencing process d 1 − 1 times for the x-variables and d 2 − 1 times for the y-variables, leading to a total of only d 1 + d 2 − 2 differencing steps. Question 3. Can one generalise Birch's theorem to complete intersections embedded in weighted projective space P(a 1 , . . . , a n ), where a 1 , . . . , a n are pairwise coprime positive integers?
Linear spaces on complete intersections. So far we have been concerned with the Hasse principle for complete intersections X ⊂ P n−1 over number fields k. The Hasse principle is concerned with the existence of k-points on X, or equivalently, the k-rational linear spaces of dimension 0 contained in X. It is natural to ask whether a local-global principle is valid for k-rational linear spaces of arbitrary given dimension m 1. Brandes [6] has shown how Birch's result can be adapted to handle this kind of question when n is sufficiently large.
Complete intersections over F q [t] . One can also ask whether the circle method carries over to other global fields. Suppose that X d,s ⊂ P n−1 is defined over the function field K = F q [t]. It follows from the Lang-Tsen theorem that X d,s (K) = ∅ whenever n > sd 2 . Thus the interest here lies with the quantitative distribution of K-points on X. Lee [47] has shown that the proof of Theorem B can be extended to address this question in the function field setting.
The circle method and diagonalisation
In this survey we have concentrated on varieties cut out by general polynomials. When the underlying equations have extra additive structure (such as being diagonal) one can usually obtain much sharper results. In this section we content ourselves with summarising what is known for diagonal cubic hypersurfaces X ⊂ P n−1 defined over a number field k by
for c 1 , . . . , c n ∈ k * . We would like conditions on n and the coefficients under which the Hasse principle holds for X. When k = Q this problem was solved for n 7, for any non-zero coefficients, by Baker [2] (using the version of the circle method developed by Vaughan [69] ). Using completely different methods, when n = 4 and k is general (but doesn't contain the primitive cube roots of unity), it follows from work of Swinnerton-Dyer [68] that the Hasse principle holds, subject to (very mild) conditions on the coefficients and the (rather strong) assumption that the Tate-Shafarevich group of every relevant elliptic curve is finite. Using the bration method, moreover, Colliot-Thélène, Kanevsky and Sansuc [23, Prop. 7] have shown that in order to deduce that the Hasse principle holds for (2.1) for k = Q and any n 5, it suffices to show that the Brauer-Manin obstruction is the only obstruction to the Hasse principle for k = Q and n = 4.
As pioneered by Birch [3] , it turns out that for any general system of polynomial equations over a number field k one can carry out a diagonalisation process to reduce its analysis to that of an appropriate system of diagonal equations. This idea was refined substantially by Wooley [72] , in such a way as to incorporate ideas of Lewis and Schulze-Pillot [49] , enabling him to avoid the previous inductive approach. Given The bounds for µ d,s (Q) for odd d > 5 are much weaker.
As we saw in Section 1.3, a great deal of work has been invested in understanding µ(k) = µ 3,1 (k) in the case (d, s) = (3, 1) of cubic hypersurfaces. The best bounds that we have are µ(k) < 16 for any number field k (Pleasants [56] ) and µ(Q) < 14 (Heath-Brown [39] ). 
We then have the commutative diagram
Then it follows that the image of X(k) in X(A k ) under the diagonal embedding is contained in ker Θ A for all A ∈ Br(X). We call
ker Θ A the Brauer set. This gives an obstruction to the Hasse principle, since if
Br is empty we cannot expect X to have k-rational points. We say that the Brauer{Manin obstruction to the Hasse principle is the only one if
In seeking to determine whether there is a Brauer-Manin obstruction it is enough to consider elements A belonging to the quotient Br(X)/Br(k). Indeed it follows from the exact sequence (3.1) that elements of Br(k) are orthogonal to any adelic point under the pairing X(A k ) × Br(X) → Q/Z. 
In order to obtain counter-examples to the Hasse principle, it will be necessary for inv v (ev A (M v )) to be constant for every valuation v. Indeed, if there is a valuation v for which inv v (ev A (M v )) takes both values 0 and 1/2, as a function of M v , then (3.2) is clearly impossible. This can be used to explain the failure of the Hasse principle for the surfaces X c /Q considered in Example 1, where Br(X c )/Br(Q) ∼ = Z/2Z and a generator is given by the quaternion algebra (−1, T 2 − c + 1) (see [21, §5] for details).
The main conjecture in this field is the following one due to Colliot-Thélène (see [18] ).
Conjecture C. The Brauer-Manin obstruction is the only obstruction to the Hasse principle for any geometrically integral, non-singular and projective variety which is geometrically rationally connected.
The class of geometrically rationally connected varieties covers all Fano varieties, and in particular all generalised Châtelet surfaces. It would appear that the circle method has not yet been made to say anything significant about varieties which are not geometrically rationally connected.
Descent varieties.
A powerful and very general descent machinery has been developed by Colliot-Thélène and Sansuc [20] . In favourable circumstances, this allows one to reduce the task of establishing Conjecture C to proving the Hasse principle for some associated descent varieties. We refer the reader to Skorobogatov [66] for a general account of the theory. A fruitful development in the last decade has been the use of the circle method to analyse these descent varieties. It is this aspect that we proceed to discuss here.
One particularly rich seam of varieties arises through the Diophantine equations
defined over a number field k, where P (t) ∈ k[t] is a polynomial and N K/k is a norm form associated to an arbitrary degree n extension K/k (as in Example 2). Let X be a smooth and projective model of the affine variety in A n+1 that (3.3) defines. Then X is geometrically rational and so is covered by Conjecture C. Note that when K/k is quadratic this is an example of the generalised Châtelet surface that we met in Example 1. In particular we have already seen that X need not satisfy the Hasse principle in general.
It turns out that understanding the Hasse principle for X becomes harder as the number of distinct roots of P (t) grows larger. When P (t) has at most one distinct root (so that either P (t) is constant or else P (t) = ct d for some c ∈ k × and d ∈ Z >0 ), the affine variety (3.3) is a principal homogeneous space for an algebraic k-torus, and the work of Sansuc [58] and Voskresenskiȋ [71] establishes Conjecture C for X. When P (t) has precisely two distinct roots, both of which are defined over k, it can be written
after a possible change of variables. In this case there are obvious rational points on the affine variety (3.3), coming from the roots of P (t). However, these will be singular as soon as min{d 1 , d 2 } > 1. When P (t) is given by (3.4) , it turns out that the descent varieties involve equations of the shape (1.6), which can be analysed using the circle method. This programme was first carried out by Heath-Brown and Skorobogatov [42] when k = Q and gcd(n, d 1 , d 2 ) = 1, but both of these conditions have subsequently been removed (see [22, 61, 67] ). For other work on the arithmetic of (3.3), together with a survey of the literature, we refer the reader to Derenthal, Smeets and Wei [30] and the references therein.
We proceed to record some descent varieties associated to two particular families of varieties. Example 4 has recently been solved using additive combinatorics (see Section 3.3). Example 5, on the other hand, is still wide open. Example 4. Working over Q, suppose that P takes the form
for c ∈ Q * , m 1 , . . . , m r ∈ Z >0 and pairwise distinct e 1 , . . . , e r ∈ Q. This generalises the example (3.4) that we met above. Let π be the projection of the affine variety given by 
where E is a principal homogeneous space for T and V ⊂ A nr+1 is defined by 3) , it suffices to show that V satisfies the Hasse principle. But V is isomorphic to the variety cut out by the system of equations
By an obvious change of variables it suffices to establish the Hasse principle for the variety in A nr+r defined by the system of equations
But this variety is isomorphic to the non-singular variety
We shall return to this example in Section 3.3.
Example 5. Suppose that X ⊂ P 3 is a non-singular diagonal cubic surface defined over k, with equation
= 0, for a 1 , . . . , a 4 ∈ k * . When k = Q, Colliot-Thélène, Kanevsky and Sansuc [23] have undertaken an extensive investigation of the Brauer-Manin obstruction for X. Assuming without loss of generality that a 1 , . . . , a 4 ∈ Z are cube-free, it follows from this work that the Brauer-Manin obstruction to the Hasse principle is empty if there is a prime p which divides precisely one of the coefficients.
It is still an open problem to establish Conjecture C unconditionally for diagonal cubic surfaces X. One approach would involve establishing the Hasse principle for some associated intermediate torsors (see [23, Prop. 10] ). These possess a Zariski open subset which is Q-isomorphic to an intersection of two cubics in A 9 involving norm forms (see [23, §10] for details). Over Q these take the shape
for non-zero a, . . . , f ∈ Q. Alas this system is beyond the square-root barrier (1.5) and so it seems unlikely that the circle method could be used to say anything useful in its present form.
Let C denote the family of all systems of Diophantine equations over the ring of integers o k of a number field k, for which the circle method has proved the Hasse principle for the system. Let T denote the family of varieties which are either affine space or a principal homogeneous space for a torus.
Question 5. What is the most general class of geometrically integral, nonsingular and projective varieties, for which universal torsors exist and are kbirational to a product of varieties from C and T ?
In Example 4, according to [22] and [61] , any smooth and projective model of (3.3) with P (t) = ct d 1 (t − 1) d 2 belongs to the class of varieties considered in Question 5. Indeed, the universal torsor in this case is k-birational to a product of V and a principal homogeneous space for the torus N K/k (x) = 1.
3.3. The nilpotent circle method. Let h : Z → R be an arithmetic function and let L 1 , . . . , L r ∈ Z[u, v] be a system of binary linear forms, no two of which are proportional. A powerful new development concerns the ability (at least in principle) to produce asymptotic formulae for sums of the shape u, v) ) . . . h(L r (u, v)), (3.6) as B → ∞, for any bounded convex region B ⊂ R 2 . The underlying technology comes from additive combinatorics and is due to Green and Tao [32] and Green-Tao-Ziegler [34] , where it is used to tackle this problem when h = Λ is the von Mangoldt function. The term nilpotent circle method originates from [33] and refers to the methods and concepts that were developed in the course of this work.
So far, the analysis of (3.6) has been carried out for a fairly restrictive family of arithmetic functions h. Matthiesen [51, 52] has done so when h(N ) is the function which counts the number of (inequivalent) representations of N ∈ Z by a given binary quadratic form. It was noticed by Browning, Matthiesen and Skorobogatov [16] that, once unravelled in terms of counting solutions to a system of underlying Diophantine equations, this is exactly what is needed to establish the Hasse principle for the variety W in (3.5), in the special case n = 2 of quadratic extensions K/Q. This therefore yields a proof of Conjecture C over Q, for the generalised Châtelet surfaces considered in Examples 1 and 3, provided that the polynomial f (T ) decomposes completely as a product of linear polynomials with coefficients in Q. The significance of this is that there was previously no unconditional proof of Conjecture C for generalised Châtelet surfaces in which f (T ) has r > 4 distinct roots (the case r 4 is covered by [24, 25] ).
Very recently, Browning and Matthiesen [11] have used the nilpotent circle method to generalise this considerably. Here the Hasse principle is established for the variety W in (3.5), without any restriction on the degree or type of the number field K (note that when K/Q is cyclic, Harpaz, Skorobogatov and Wittenberg [36] have shown how to arrive at the same conclusion by combining the bration method with the work of Green and Tao [32] and Green-Tao-Ziegler [34] on the generalised Hardy-Littlewood primes conjecture). A consequence of this is that Conjecture C holds for the varieties X considered in Example 4 for any r 2 (generalising the case r = 2 handled in [42] ). Using descent, Skorobogatov [65] has shown how the main result in [11] can be used to study the Diophantine equation (3. 3) when the norm form on the right hand side is replaced by a product of norm forms.
Eliminating u, v from (3.5) the variety W is seen to be Q-birational to the system of equations N K/Q (x i ) + b i N K/Q (y) = c i N K/Q (z), (1 ≤ i ≤ r − 1), for suitable b i , c i ∈ Q. This can be viewed as a variety in P (r+1)n−1 cut out by r − 1 hypersurfaces of degree n. The main result in [11] shows that the smooth Hasse principle holds for this variety. By contrast, the inequality (1.5) becomes (r + 1)n > 2n(r − 1), which is true if and only if 3 > r. The significance of [11] , therefore, is that it goes beyond the square-root barrier.
